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For identical particles with statistics g, the FES interpolates between Bose (g = 0) and Fermi (g = 1) statistics continuously, changing statistics parameter g for 0 < g < 1, and it is extended even for 1 < g. Wu 2 first derived the distribution function for the g-on gas as a generalization of the Fermi-Dirac (FD) and the Bose-Einstein (BE) distribution functions. It is given by
where z = e βµ , β = 1/k B T , the energy, and µ the chemical potential of the system, respectively. It is known to be equivalent to the Yang-Yang relation in the Bethe ansatz method. 12 Then, in terms of w( ), the pressure P , the particle density N/V and the total energy E/V of the system are given by βP
respectively, where V is the volume and D( ) the density of states of the system.
13,14
It has been known that there are two types of dualities in Wu's equation of Eq. (2): (i) The first one is the particle-hole duality found by Wu 2 and Nayak and Wilczek.
15 This symmetry is represented by w → w = 1/w as g → g = 1/g and T → T = −T /g. This yields
The second one is the supersymmetric duality (i.e. superduality) between a superpair of g and 1 − g, found by Sutherland 6 and Iguchi. 16 This symmetry is represented by w → w = −1 − w as g → g = 1 − g and z → z = −z. This yields n( ; T, −z,
These physical dualities have been expected to play a role in the theory of FES. However, the relationship between the two dualities has not been well known so far. We would like to show that they form a novel kind of symmetry -quasi-modular symmetry -for Wu's equation. And we prove that they form a dihedral group of order six, same as the usual modular group.
Let us define a transformation: ζ = 1 + 1/w, which was first adopted by Sutherland.
6 Applying this to Eq. (2), we find
where x = ze −β . Let us now consider the particle-hole duality and the superduality transformations discussed above. To do so, we assume that 0 < g < 1, 1 < g. Let us denote the particle-hole duality transformation by σ 1 . This acts on Wu's equation
Similarly, let us denote the superduality transformation by σ 2 . Then, we find
Applying σ 1 and σ 2 , we find the following relations:
These are nothing but the defining relations for the dihedral group for hexagon ( Fig. 1) . Hence, the order is six. If we define another duality transformation σ 3 given by σ 3 :
) . Now, we can rewrite the above defining relations as σ 
By using these transformations, we find that, according to the order six of the group, the hexagon is divided into six regions that are coded in terms of σ 1 and σ 2 as e : (ζ, w, g, x) , (I)
From the above result, we easily find that (ζ, w, g) satisfy the property of a modular group, 17 respectively. However, x does not satisfy the property but a rather different one. We call this property quasi-modular. Hence, the set of (ζ, w, g, x) forms a quasi-modular group of order six.
Let us now consider the solution of Wu's equation, Eq. (3). The singularity is obtained as follows 16, 19 : Taking log of Eq. (3), we find
This yields
which provides a nontrivial singularity at ζ = (g − 1)/g. Substituting this into Eq. (3), we find the singularity of ζ occurs at x = x c :
According to this, let us regard ζ as a function of x. We find the following: (i) For 0 < g < 1, Eq. (3) has one real solution for ζ for −∞ < x < ∞, where ζ → 1 ± 0 as x → ±0; (ii) For 1 < g, there are two real solutions ζ 1 and ζ 2 for x c < x such that ζ 1 → 1 ± 0 and ζ 2 → ±0 as x → ±0, there is one real solution, ζ = (g − 1)/g at x = x c , and there is no solution for x < x c . Since a physical solution of Eq. (3) must satisfy ζ = 1 at x = 0, we choose the upper branch of ζ for x > x c when g > 1. This enables us to use the Lagrange theorem, since it is nothing but the Rouché's condition. 18 Then, applying Lagrange theorem, 19 ζ s can be expanded as
for n ≥ 1, where C 
Hence, the C n (g) are regarded as the limit of C n (g) = C
n (g) and are called the cluster coefficients in the theory of phase transition.
6,16,19
Recently, in the quantum impurity problems in a Tomonaga-Luttinger liquid, 4 Fendry, Ludwig and Saleur 20 also found that the current of the system I can be expanded such as
A n (g) = (−1)
whereΓ(ng + α) ≡ Γ(ng + α)/Γ(α) withΓ(α) = 1, x ≡ V 2(g−1) λ 2 and V is the applied potential, g the interaction parameter between the carriers, and λ the coupling between the carriers and impurities in the system.
The convergence of this kind of power series of x is dominated by the presence of a singularity in the series. It occurs at x = x c , as discussed above. Hence, the series expansions can converge for |x| ≤ |x c |, and for |x| > |x c |, the expansion is given by analytic continuation of the power series.
We recently discussed the generalization of these kinds of functions with more entries in the coefficients C (1) n (g) such as
where α j and α j are constants and positive numbers β j and β j satisfy β 1 +· · ·+β r = β 1 +· · ·+β s +1 while the singularity is given by x c = −β
21 It is not difficult to see this reasoning since if we put β 1 = · · · = β r = β 1 = · · · = β s = 1, then Eq. (16) becomes
Pochhammer's generalized hypergeometric function with coefficients:
where (α) n ≡ Γ(n + α)/Γ(α) =Γ(α). In this way, our cases of Eqs. (11) and (12) and the above case of Eq. (15) can be embedded in as a special case of Eq. (17) in the following:
Using the Euler integral of the first kind:
where
Γ(p+q) , called the beta function, and the binomial expansion:
we find the integral representation of F (x):
where we have used the change of variable, y = 1 + 1/t. However, the integration Eq. (22) may diverge at some values of t (or y) within the interval of integration, since at some values of x, the denominator vanishes. To escape from such divergences, we analytically continue with the integral interval. Since in general,
consists of two real solutions t 0 and t 1 such that t 0 < t 1 (or y 0 and y 1 such that y 0 < y 1 ), we need to make a contour integral along a closed loop C 0 , which moves from the origin to itself, encircling t 0 (or y 0 ) anticlockwise such that |xt g (1 + t) 1−g | < 1 (or | xy 1−g y−1 | < 1) for t ∈ C 0 (or y ∈ C 0 ). This provides the following integration 21 :
whereF (µ, ν; g; x) ≡ B(µ, ν − µ)F (µ, ν; g; x). Applying the integral representation, we are able to represent the physical quantities such as n( ) and I/(gV ). Since
. Similarly, we find I gV = F (1, 3/2; g; x). We note, however, that the expansion of ln ζ cannot be simply represented in the integral form of Eq. (23), since µ − ν + 1 = 0. So, we exclude this case from our purpose here, but it may be represented in another form by its integration.
From Eq. (23), we easily find that the factor in the denominator 1 − xt g (1 + t)
1−g = 0 (or y − 1 − xy 1−g = 0) plays a fundamental role to the integration, which is nothing but Wu's (or Sutherland's) equation. Therefore, it becomes clear why we must have the quasi-modular transformations of Eqs. (I)-(VI), as follows. If we apply one transformation σ in the six operations such as σ(x) = x and σ(g) = g to the function, F (µ, ν; g; x), then we change the variable t (or y) accordingly so that σ(t) = t [or σ(y) = y ]. This gives a transformed function, F (σ(µ), σ(ν); σ(g); σ(x)). This is a generalized statement for the quasi-hypergeometric functions. This was in fact demonstrated by Fendry, Ludwig and Saleur 20 for the particular case of the particle-hole duality of g → 1/g, where they have found the duality relation of the current I(g) ≡ I/gV , such that I(1/g) = 1 − I(g). As was emphasized by them, it is not just a change of the parameter in the model but it relates a model in the strong coupling limit of g > 1 to one in the weak coupling limit of g < 1. Thus, finding a duality has been very important in the theory. Once we find a duality such as those in the present paper, duality plays a crucial role to relate a model in a certain limit to the one in a different limit. Hence, the importance of the symmetry in the dualities is now apparent.
In conclusion, we have found a novel type of group structure among the particlehole duality and the superduality in Wu's equation for a g-on gas, which is equivalent to a dihedral group of order six and exhibits a quasi-modular property of the group on Wu's equation. And we have shown that many physical quantities in the systems of FES can be represented in terms of the language of the quasihypergeometric functions, on which the quasi-modular duality transformations act. Finally, we note that most of all the ideas and methods in the present paper can be generalized to the system of a multi-species case. Some part of this has been performed recently. 21, 22 Therefore, this direction will prove very interesting to further explore the concepts of the quasi-modular duality transformations and the quasihypergeometric functions in the problem of FES. It will draw a novel connection between mathematics and modern physics of FES.
